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So far the exponential distribution of charge populations 

of electron avalanches has been considered as a regular distri-
bution describing avalanches regardless of their average car-
rier populations . The distributions of avalanches with high 
populations ( > 105) that exhibit peculiar convex shapes, 
deviated from that of exponential, have been considered as 
experimental artefacts1. On the basis of our refined experi-
ments2−4 we argue for a new interpretation of these peculiar 
distribution curves. The new interpretation is based on the 
Pareto distribution2,4. The basic physics underlying „deviated“ 
statistical distributions is intimately related to the inner space 
charges formed inside the avalanches with higher carrier 
populations. The formation of space charges inside ava-
lanches is accompanied by the transition from collisional 
ionisation to photoionisation and this leads to manifestation of 
a new statistical behaviour. 

The microdischarges (high populated avalanches and 
streamers) have been detected by the classical RC-circuit 
where the capacitor has been formed by the flat bronze elec-
trodes between which the polyethyleneterephthalate foil of 
0.18 mm thick has been inserted. The electrodes have been 
loaded with the constant high voltages ranging from 2 kV to 
8 kV. The whole electrode system has been embedded into 
the Faraday cage. All experiments have been carried out un-
der normal atmospheric conditions. Avalanches and streamers 
have been detected across the measuring resistance 
R = 100 kΩ as short voltage pulses u(t) with random ampli-
tudes U ~ n. 

Collecting a large statistical ensemble of pulses (50–60 
thousand pulses) a common histogramic technique has al-
lowed to form the probability density function w(U). This 
function shows different behaviours when following the expo-
nential or Pareto statistics. The exponential probability den-
sity function is given as follows 

whereas the Pareto probability density function reads 

where c0 is a constant and D fractal dimension. 
Extensive experimental work has shown that the Pareto 

distribution is definitely a more convenient distribution for 
high populated avalanches and streamers as compared with 
that of exponential. The following illustrations (Fig. 1 and 2) 
offer an example where it can be seen how well the Pareto 

n
n

function follows the measured experimental data whereas the 
exponential fit shows an essential discrepancy. 

Numerous experiments performed in our laboratory 
have  unambiguously supported the Pareto distribution func-
tion as a reasonable choice which fulfils requirements for a 
successful description of the statistical behaviour of Town-
send’s high populated avalanches and streamers. The main 
difference between the Pareto statistics of Townsend’s ava-
lanches and the Pareto statistics of streamers consists in their 
D-values. High populated Townsend’s avalanches show 
smaller D, i.e. 0 < D < 1, whereas streamers possess D ≥ 1. 

Although in the past some researchers1 tried to explain 
the ‘peculiar’ statistical behaviour of high populated ava-
lanches and streamers by an experimental artefact, today it is 
clear that the Pareto distribution is, at least, a very convenient 
approximation if not an exact statistical law governing popu-
lations of saturated electron avalanches and streamers. How-
ever, so far no theory has been developed for this peculiar 
statistical behaviour. To tackle successfully the problem, it is 
necessary to find a corresponding physical process underlying 
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Fig. 2. Exponential fit (solid line) of experimental data;  E/
p = 52 V Pa−1 m−1; Fitting constant  mV 1=U

Fig. 1. Pareto’s  power function fit (2) of experimental data; E/
p = 52 V Pa−1 m−1; Fitting constants: co = 0.724 and D = 0.471 
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the phenomenon. There are three important points that should 
be taken into account when forming a theoretical concept 
explaining the mentioned cross-over of the exponential statis-
tics to the Pareto one: 
a)  The change of statistical behaviour occurs simultane-

ously with the change of  electron multiplication, i.e. 
when photoionisation starts dominating over collisional 
ionisation and, as a consequence, high populated ava-
lanches appear ( ). 

b)  Since all fractal objects are governed by the Pareto sta-
tistics, the electron multiplication mechanism that forms 
the Pareto set of avalanches has to be of fractal nature, 
too. 

c)  The fractal photoionisation multiplication should be 
based on creating additional smaller avalanches accom-
panying the initial (parent) avalanche because an in-
crease of electron populations within parent avalanches 
leads only to an increase of average populations  
which does not change the character of the exponential 
distribution itself (1). 
A proposal of a convenient fractal mechanism of elec-

tron multiplication, capable to create the Pareto set of electron 
avalanches, is formulated in the following paragraphs. 

On the basis of the experimental observations and de-
ductions mentioned above it is clear that the multiplication 
mechanism of high populated avalanches, whose populations 
follow Pareto’s distribution, may be governed by a fractal 
scenario with the following properties. 

 
(i)  Besides a parent avalanche a series of additional smaller 

avalanches arise inside the discharge gap. These smaller 
avalanches are generated in a hierarchical manner with 
different mean populations    

        In this way the number of less populated avalanches 
increases and, as a consequence, deviations from the 
exponential distribution may occur. 

 
(ii) Multiplication of high populated avalanches with mean 

populations  must be generated according to 
a fractal scenario based on branching or partitioning like 
most fractals when going to smaller scales. Therefore, 
some type of fractal avalanche branching should be 
explored. The branching should originate with a parent 
avalanche  possessing a mean population  
(fractal initiator). After having passed a certain distance 

 and gathered a certain number of energetic elec-
trons , which are capable of creating a group 
of UV photons, a photoionisation process may start and 
a swarm of  smaller avalanches with  mean popu-
lations may appear beside the parent ava-
lanche. Let us call them the “side avalanches of the first 
generation”. The side avalanches of the first generation 
actually represent the so-called fractal generator given 
by the multiplicity . The side avalanches, once cre-
ated, become parent avalanches for the next generation 
of new side avalanches. So, the side avalanches of the 
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first generation become parent avalanches for the side 
avalanches of the second fractal generation with the 
mean population . This process of ava-
lanche multiplication may or may not continue up to the 
last possible generation  with the mean 
population . Provided the multiplicative 
process reaches the jth generation, the mean (average) 
total number of side avalanches is just . The multi-
plicative process described yields a hierarchy of ava-
lanches and when extended to infinity ( ), it yields 
an infinite set of avalanches that is similar to the well-
known fractal object called the Cantor fractal set. By 
using the mentioned similarity a relation between ava-
lanche characteristics and properties of the fractal set 
can be easily found  

 
Since all fractal objects obey the Pareto statistics with 
the probability density in the form of the power law (2), 
the studied avalanche set, being of fractal nature, will 
also follow this statistical law 

                         
Such a strictly deterministic mechanism, which has al-
ready been described, might hardly be expected in a real 
situation. Instead, a strongly stochastic mechanism is 
more probable with certain distributions of detectable 
quantities ,  and N. However, using their average 
values ,  and  makes the treatment more realistic 
and partly advocates the deterministic view of the prob-
lem. 

 
(iii) The described fractal mechanism of multiplication of 

high populated avalanches anticipates that the most 
probable place where a parent avalanche initiates side 
avalanches is in some of the first -intervals because 
due to diffusion at a larger distance the parent avalanche 
is broadened enough to integrate the side avalanches. 
The foregoing paragraphs have summarised the main 

properties of the concept of fractal multiplication of high 
populated avalanches. 

Taking into account all the foregoing considerations and 
summarising the exponential probability density functions for 
all avalanche generations, one can obtain4 the following  gen-
eral expression that contains both the exponential and Pareto 
distributions as special asymptotic cases 

where G is a normalisation constant. 
At first sight the probability density (6) seem not to be 

likely to follow the Pareto power law (2) but the opposite is 
true. When this function is plotted with convenient parameters 
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,  and  within bilogarithmic co-ordinate systems, 
their graphs indeed show linear sections (power behaviours) 
spanning over many orders of magnitudes of electron popula-
tions. In Fig. 3 there is an example of such a plot showing 
a perfect linear section. 

To illustrate the capability of the generalised statistical 
pattern (6) to fit faithfully the experimental data of population 
statistics, the data from Fig. 1 have been fitted by the pattern 
(6) – see Fig. 4.  As far as the fractal dimensions are con-
cerned, they are in excellent agreement (≈ 0.471 in Fig. 1 
versus ≈ 0.473 in Fig. 4). At this point we would like to men-
tion that all other data measured in our laboratory during the 
last 13 years have been processed in the same way. They have 
confirmed the same fact, namely that the generalised distribu-
tion function (6) is capable to reproduce faithfully the statisti-
cal data of high populated electron avalanches and streamers. 
Shortly speaking, the generalised statistical pattern (6) seems 

dn K N

to be a very convenient probability density function capable 
to incorporate all the main specific features of fractal ava-
lanche multiplication. 

The fractal population distribution functions of the 
Pareto type have also been confirmed5 by spot statistics. Un-
der the term „spot statistics“ it is understood the following:  
streamers, when impinging on a suitable sensibilised photo-
graphic film (dielectric barrier), leave light spots with dark 
centres on its surface (see Fig. 5). 

From the photographical point of view the explanation 
of the spot structures is clear: the places of dark islands had to 
be screened from light at the moment of exposition. Neverthe-
less, from the physical point of view it seems to be a problem 
to suppose that mass particles reach the surface of the film 
sooner than the light they emit during their movement. Taking 
into account the whole mechanism of the streamer develop-
ment and propagation, especially in its final stages when 
streamers are converted into sparks, the situation becomes 
much clearer. During streamer propagation back to the film 
barrier (which is the cathode in this case) the light emission is 
insufficient to expose the photographic emulsion due to its 
very low sensitivity (5 DIN). When the positive head of a 
streamer impacts on the surface of the polymeric cathode, an 
effective screening is created. The gap is then bridged with a 
thin channel of high conductive plasma and a mass of elec-
trons having been liberated from the cathode by an intense 
UV radiation of the streamer head can quickly propagate to 
the anode. This concluding stage of streamer development is 
often termed as a ‘backward ionizing wave of potential’ or 
shortly ‘return stroke’ and represents the spark process which 
is accompanied by a very sharp flash of light which is actually 
responsible for the exposition of our photographic emulsion. 
This last spark stage of streamer development is almost im-
mediately quenched by the field of the charges trapped on the 
surface of the polymeric barrier. This is why the carrier popu-
lation of sparks running in the vicinity of a dielectric barrier 
does not reach the carrier population of those sparks spanning 
two metallic electrodes.  

To summarize the process underlying the inner structure 
of the microdischarge spots studied, it is necessary to name 
the succession of two main phenomena: 
(i)  A permanent immobilization of charges from a streamer 

head on the dielectric barrier, i.e., formation of an al-
most non-transparent optical shielding and a contra-
productive field which quenches the microdischarge. 

Fig. 3. Fractal fit (6) (solid line). Fitting constants: 
 , G=1 12,631.0,10,3,2 10 ===== JDnNK d

Fig. 4. Fractal fit (solid line) of experimental data  ( E/p = 
52 V Pa−1 m−1; Fitting constants:  

  
,10,2,3882.1 555.1=→== dd unNK

105.0,7,473.0 === GJD Fig. 5. Streamer spots on the dielectric barrier 
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(ii)  A sharp light flash (photographic exposition) in the last 
stadium of the degenerate spark. 
Shortly speaking, the dark centres of streamer spots are 

sites where charge carriers have impacted when a plasma 
channel has connected both electrode sides and afterwards 
a flash of visible light exposes the vicinity of the site of the 
charge impact. The area of a dark centre is proportional to the 
charge transferred, i.e. to streamer population n. Therefore, 
probability density created from all the set of the dark centres 
corresponds to population statistics of streamers. More details 
on this phenomenon and its analysis can be found else-
where3,5. 

In Fig. 6 there is one of the typical spot statistics plotted 
in the bilogarithmic co-ordinates, respectively. The statistics 
in log-log plot shows linear behaviour similarly as in Fig. 4 
which is further evidence of fractal population statistics with 
streamers. 

In conclusion we would like to underline several main 
points:  
− A new concept of the fractal multiplication of high 

populated avalanches and streamers has been proposed. 
The concept is based on a generalised photoionisation 
mechanism leading to side branching of avalanches. 

−  The proposed concept might be considered as a new 
supplement to the classical theory of avalanche and 
streamer multiplications.  

− Instead of the simple photoionisation that acts solely 
within the primary (parent) avalanche, the new concept 
of side branching allows for photoionisation going be-
yond the parent avalanche and creating side avalanches 
that accompany the parent avalanches with a certain 
delay (incubation time).  

− The branching may propagate to higher generations of 
side avalanches. This process is inherently stochastic 
and requires introducing the average multiplicity and 
the average number  of initiating electrons to de-
scribe analytically the branching procedure.  

− The generalised probability density function (6) has 
been verified as a function that faithfully describes the 
statistical behaviour of avalanche and streamer high 
populations. 
All the results lead us to the conclusion that the 

„deviated“ population statistics of big electron avalanches are 
not artefacts, as has been suggested in the past1, but rather 
a manifestation of a real physical process that is well de-
scribed by the fractal side branching of avalanches. 

The fractal population statistics in the form of the gen-
eral pattern (6) shed new light not only on the photoionisation 
multiplication of high populated electron avalanches and 
streamers but they also provide a practical tool for the expert 
systems of  high voltage technology since population statis-
tics, known as the height statistics in this field, are frequently 
used as recognition patterns assessing degradation stages and 
the lifetime of high voltage insulation components and sys-
tems. 
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Fig. 6. Stastistics of streamer spots 


